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Introduction
Let G be an additive abelian group and A = {a 0 , a 1 , . . . , a k−1 } be a nonempty finite subset of G. Let h be a positive integer. The h-fold sumset hA of A is the set of all sums of h elements of A, that is, is the α-dilation of the set A.
The study of sumsets and hence of multiple fold sumsets of sets of an additive abelian group has more than two-hundred-year old history. The sumsets are actually the foundations of the "additive number theory". A paper of Cauchy [4] in 1813, which is believed to be one of the oldest and classical work off-course, finds the minimum cardinality of the sumset A + B, where A and B are nonempty subsets of residue classes modulo a prime. Later, Davenport [5] rediscovered Cauchy's result in 1935. The result is now known as the Cauchy-Davenport theorem. Several partial results about the minimum cardinality of the sumsets and its inverse that if the minimum cardinality is achieved, then the characterization of individual sets have been obtained by now. A comprehensive list of references may be found in Mann [9] , Freiman [6] , Nathanson [10] , and Tao [12] . Plagne [11] in 2006, finally settled the general case by obtaining the minimum cardinality of sumset in an abelian group.
In contrast to the h-fold sumset, the h-fold signed sumset has a brief and a quite young history. This sumset first appeared in the work of Bajnok and Ruzsa [3] in the context of the "independence number" of a subset A of G and in the work of Klopsch and Lev [7, 8] in the context of the "diameter" of G with respect to the subset A. The first systematic and point centric study appeared in the work of Bajnok and Matzke [1] in which they studied the minimum cardinality of h-fold signed sumset h + A of subsets of a finite abelian group. In particular, they proved that the minimum cardinality of h + A is the same as the minimum cardinality of hA, when A is a subset of a finite cyclic group. An year later, they [2] classified all possible values of k for which the minimum cardinality of h + A coincide with the minimum cardinality of hA, when A is a subset of a particular elementary abelian group.
The direct problem for signed sumset h + A is to find a nontrivial lower bound for |h + A| in terms of |A|. The inverse problem for h + A is to determine the structure of the finite set A for which |h + A| is minimal. In this article, we study both direct and inverse problems for signed sumset h + A, when A is a finite set of integers. This study is done in Section 2 by considering three different cases, viz.; (i) A contains only positive integers, (ii) A contains positive integers and zero, and (iii) A contains arbitrary integers, in the subsections 2.1, 2.2, and 2.3, respectively. To prove our results, we need the following classical results about h-fold sumset hA. 
This lower bound is best possible for h ≤ 2.
Proof. Let A = {a 0 , a 1 , . . . , a k−1 }, where 0 < a 0 < a 1 < · · · < a k−1 . The sumset h + A contains at least the following 2(hk − h + 1) integers.
and
Next, we show that this lower bound is best possible. If h = 1, then |1 + A| = 2k. Hence the lower bound is tight for every finite set A. Next, let h = 2 and A = {1, 3, 5, . . . , 2k − 1}. Then
zHence, |2+A| = 4k − 2. This completes the proof of the theorem. Proof. Let A = {a 0 , a 1 , . . . , a k−1 }, where 0 < a 0 < a 1 < · · · < a k−1 . Since |h + A| = 2(hk −h+1), it follows from Theorem 2.1, that the sumset h + A consists precisely the integers listed in (2.1) and (2.2). For each i = 1, 2, . . . , k−2, we have
Also,
Thus,
This is equivalent to
Therefore, the set A is in arithmetic progression, i.e., a i − a i−1 = d, for some d > 0 and for all 1 ≤ i ≤ k − 1. Again,
Thus, from (2.1), (2.2) and (2.3), it follows that, for i = 1, 2, . . . , h − 1,
So, the common difference d = a 1 − a 0 = 2ia 0 , for i = 1, 2, . . . , h − 1. This is possible, only if h = 2. Hence,
This completes the proof of the theorem. 
This lower bound is best possible.
The above theorem does not hold for k = 2, as it can be seen by taking A = {1, 2}, h = 3; A = {1, 3}, h = 4; and A = {2, 3}, h = 5.
Further, if A = {a 0 , a 1 }, where 0 < a 0 < a 1 and h < a 0 +a 1 2a 0
, we observe in the following remark that |h + A| = 4h.
Hence, the maximum possibility of integers in h + A is 4h, i.e.,
On the other hand, as h <
Since each of the above 2h signed h-fold summand is positive and in h + A, their negatives are also in h + A. Hence, |h + A| ≥ 4h. This together with (2.5) give |h + A| = 4h.
Proof of theorem 2.3. Let A = {a 0 , a 1 , . . . , a k−1 } be a finite set of integers, where 0 < a 0 < a 1 < · · · < a k−1 . From Theorem 2.1, it follows that the sumset h + A contains at least 2(hk − h + 1) integers listed in (2.1) and (2.2). So, it remains to show at least (h − 1) extra integers in h + A different from the integers in (2.1) and (2.2). To show this, we consider three cases depending on
Except in a subcase of the last case, namely, a 2 − a 1 = a 1 − a 0 = 2a 0 , which will lead to present the example for the best possible bound, we show much more extra summands than h − 1 in h + A.
Consider the following sequence of integers, which is taken from (2.1).
We shall insert an extra signed h-fold summand between each pair of successive integers of (2.6) as follows:
Thus, we get h − 1 extra positive integers of h + A. Similarly, taking the negatives of these h − 1 summands, we get another set of h − 1 integers of h + A. Hence, we get a total of at least 2(h − 1) extra integers of h + A, not already listed in (2.1) and (2.2).
Case 2: (a 2 − a 1 > a 1 − a 0 , i.e., 2a 1 < a 2 + a 0 ). Similar to the Case 1, we have
So, we get h − 1 extra summands in h + A between ha 1 and a 1 + (h − 1)a 2 . Hence, taking negatives of these h − 1 positive summands, we get a total of at least 2(h − 1) extra integers of h + A.
Case 3: (a 2 − a 1 = a 1 − a 0 , i.e., a 0 , a 1 , a 2 are in arithmetic progression) .
Rewrite the list as
For each i = 0, 1, . . . , h−2, we insert an extra summand between ha 0 +2id and ha 0 + (2i + 1)d. We have,
Each of these h − 1 extra signed h-fold summands (h − 2 − i)a 0 − a 1 + (i + 1)a 2 , is positive. So, we get h − 1 extra positive integers of h + A. The negatives of these h − 1 integers are also signed h-fold summands, hence are in the set h + A and different from the summands in (2.2). Hence, we get at least 2(h − 1) extra integers of h + A, which are not listed in (2.1) and (2.2). In all the above cases we get exactly ⌊ h 2 ⌋ number of extra positive signed h-fold summands, which are not included in (2.1) and (2.2). Now, let h ≥ 7 and assume that the result is true for h − 1. If h = 4k + 1 or h = 4k + 3 for some k ≥ 1, then ⌊ ⌋ extra positive summands of (h − 1)-fold signed sumset of A by just adding a 0 to it and one more summand is given by 0
⌋ extra positive integers may be obtained from the ⌊ ⌋ extra positive summands of (h − 1)-fold signed sumset of A by just adding a 0 to it and one more summand is given by 0 < (k + 1)a 2 − (2k + 1)a 1 + ka 0 = d < 2a 0 .
Since, the negatives of these ⌊ h 2 ⌋ integers are also in the set h + A. Hence, we get a total of at least 2⌊ h 2 ⌋ extra integers in h + A. Further, in both the above subcases 1 and 2, we get even more 2⌊ h 3 ⌋ integers. Let m be the largest integer such that 3m ≤ h, i.e., m = ⌊ h 3
. . .
⌋ further extra positive signed h-fold summands which are multiples of a 0 , between 0 and ha 0 . Thus, including negatives of these integers we get, 2m = 2⌊ 
If h = 3, then 2a 1 − a 2 = a 0 , and a 2 − 2a 1 = −a 0 . So, we get (h − 1) = 2 distinct integers which are previously not included. Now, let h ≥ 4. Rewrite the summands of (2.1), which are between ha 0 and ha 1 as follows:
Adding −(a 1 + a 2 ) to the first three successive integers (h − 1)a 0 + a 1 , (h − 2)a 0 + 2a 1 , (h − 3)a 0 + 3a 1 of (2.7), we get
Now leave the first term of (2.7) and add −2(a 1 + a 2 ) to the next three successive integers (h − 2)a 0 + 2a 1 , (h − 3)a 0 + 3a 1 , (h − 4)a 0 + 4a 1 of (2.7), we get
We continue this process up to the last triplet 3a 0 + (h − 3)a 1 , 2a 0 + (h − 2)a 1 , a 0 + (h − 1)a 1 of (2.7) by adding −(h − 3)(a 1 + a 2 ) , to get
The above process covers all the h − 1 integers In both these cases, |h + A| ≤ 2hk − h + 1. Hence, together with (2.4), we get, |h + A| = 2hk − h + 1. This completes the proof of the theorem. Proof. Let A = {a 0 , a 1 , . . . , a k−1 }, where 0 < a 0 < a 1 < · · · < a k−1 . Since |h + A| = 2hk − h + 1, it follows from Theorem 2.3, that a 2 − a 1 = a 1 − a 0 = d = 2a 0 . Again, by the similar argument used in Theorem 2.2, we get, for each i = 1, 2, . . . , k − 2
Therefore, the set A is in arithmetic progression, and hence
This completes the proof of the theorem. Proof. Let A = {a 0 , a 1 , . . . , a k−1 }, where 0 = a 0 < a 1 < · · · < a k−1 . From (2.1) and (2.2), it is clear that h + A contains at least hk − h positive integers (h−i)a j +ia j+1 and hk −h negative integers −(h−i)a j −ia j+1 , for 0 ≤ i ≤ h, 1 ≤ j ≤ k − 2, and one extra integer zero. Thus,
A contains nonnegative integers with
Next, we show that this lower bound is best possible. Let A = {0, 1, 2, . . . , k − 1} = [0, k − 1]. The smallest integer of h + A is −h(k − 1) and the largest element of h + A is h(k − 1). Therefore,
This inequality together with (2.8), implies
This completes the proof of the theorem. This inequality together with (2.9) gives |h + A| = hk − h + 1. This completes the proof of the theorem.
Theorem 2.8. Let A be a finite set of k ≥ 2 integers. Let |h + A| = hk−h+1. Then A is a symmetric set and it is an arithmetic progression.
Proof. Let A = {a 0 , a 1 , . . . , a k−1 }, where a 0 < a 1 < · · · < a k−1 . Let |h + A| = hk − h + 1. Since hA ⊆ h + A, Theorem 1.1 implies that hA = h + A. Thus, by Theorem 1.2 the set A is in arithmetic progression. Again, since |h + A| = hk − h + 1, the sumset h + A contains precisely that (hk − h + 1) integers listed in (2.1). It also contains the (hk − h + 1) integers listed in (2.2). Thus, for all i = 0, 1, . . . , k − 1, we have
This is equivalent to a i = −a k−1−i , for all i = 0, 1, . . . , k − 1. This completes the proof of the theorem.
